Data description, notations, and basic characteristics of MathGenealogy network
To facilitate further discussion, we first describe the MathGenealogy dataset and provide its basic characteristics, as well as define graph-theoretic concepts that will be used in the paper.
Data description
The data were collected from the Mathematics Genealogy Project website 1 using a webcrawler software. The dataset contains the records about nearly 231,000 mathematicians (as of July 2018). The information for each mathematician in the database includes name, graduation year, university, country, Ph.D. thesis topic and its subject classification, as well as the list of students advised by this individual. This available data allowed us to construct the directed network of advisor-advisee relationships.
Related graph-theoretic concepts
Due to the fact that the considered dataset is a directed network, it is represented by a directed acyclic graph G = (N , A) , with a set of n nodes, N = {1, . . . , n} , and a set of m arcs (links) A , where the mathematicians are represented by the nodes of the graph, and the relation "i is an advisor of j" is represented by an arc from i to j. The in-degree ( deg in (i) ) and out-degree ( deg out (i) ) of node i are the numbers of the arcs coming into and going out of node i, respectively. Clearly, the in-degree of node i is the number of this individual's Ph.D. dissertation advisors (equal to one for many nodes in the network, although a substantial fraction of nodes do have higher in-degrees), whereas the outdegree of node i is the number of Ph.D. students that this individual has successfully graduated. Node j is said to be reachable from node i if there exists a directed path from i to j. The number of links in the shortest path from i to j is referred to as the distance between these nodes and denoted by d(i, j) ( d(i, j) = +∞ if there is no such path). A group of nodes is said to form a weakly connected component if any two nodes in this group are connected via a path and no other nodes are connected to the group nodes, where the directions of arcs in a path are ignored.
The harmonic centrality of node i is defined as C h (i) = j∈N 1 d(i,j) [7, 8] . The decay centrality of node i is defined as C d (i) = j∈N δ d(i,j) [9, 10] , where the parameter δ ∈ (0, 1) is user-defined, although it is often set at δ = 1/2 , which is the value used in this study (it is assumed that 1/d(i, j) = δ d(i,j) = 0 if d(i, j) = +∞).
Basic characteristics of MathGenealogy network
The retrieved network had 12,263 weakly connected components, with the giant weakly connected component having 208,526 nodes and 238,212 arcs (thus containing about 90% of all the nodes in the network). All the computational results presented below were obtained for this giant component. Further in the text, we will use the term "network" implying this giant weakly connected component. Semenov et al. Comput Soc Netw (2020 The analysis of many basic characteristics of an earlier snapshot of this network was conducted in [1] . Since such analysis is not the main focus of this study, we report only some of these basic characteristics for the most recent snapshot that are relevant to the material presented in this paper. The distribution of out-degrees in this network is presented in Fig. 1 . As one can observe, it does resemble a power law, although it is not a "pure" power law, which is consistent with observations for many other real-world networks [11] .
The out-degree correlation for all "tail-head" (or, "advisor-student") pairs of nodes corresponding to all arcs (directed links) in the considered directed network was calculated as follows. Consider an ordered list of all directed links l ∈ {1, . . . , |A|} in the network, let i and j be the head and tail nodes of link l, and let deg out l (i) and deg out l (j) be their out-degrees, respectively. Thus, we have an array of size |A| of head nodes (denote the average out-degree of all nodes in this array by deg out (i) ) and an array of size |A| of tail nodes (denote the average out-degree of all nodes in this array by deg out (i) ). Then, the out-degree correlation (also sometimes referred to as the out-assortativity) can be calculated as:
The value of the out-degree correlation for this network was found to be approximately 0.055. This implies that on average there is a very minor correlation between the mentorship productivity of an advisor and a student. Therefore, we believe that in the proposed metrics and rankings of academic advisors it makes sense to "reward" those prolific advisors whose students are also successful academic mentors.
As for the in-degree distribution, it is not surprising that the majority of the nodes have in-degree equal to one. However, the network contains over 30,000 nodes with in-degree greater than one, which means that a substantial fraction (about 15%) of the mathematicians in the dataset had more than one Ph.D. advisor. Therefore, it is important to take into account the effects of co-advising, which is why we define "adjusted" versions of the proposed metrics (indices). 
Advising impact metrics
In this section, we define four metrics ("a-indices") that we believe are appropriate for quantifying an individual's advising impact, with a focus on taking into account the mentoring success of an individual's students (going beyond just the number of the Ph.D. students that an individual has graduated). One way to address this is to consider the numbers of students and students-of-students, whereas another approach is to take into account all the academic descendants of an individual. These considerations are reflected in the following definitions.
Definition 1 (a-index) The a-index 2 of an individual i is the largest integer number n such that the individual i has advised n students (Ph.D. graduates) each of whom has advised at least n of their own students (Ph.D. graduates). Equivalently, this is the largest number n of out-neighbors of node i in the directed network such that each of these neighbors has out-degree of at least n.
The a ∞ -index of an individual i is the total number of their academic descendants, computed as the largest number of distinct nodes that are reachable from node i through a directed path. It can be seen from Definitions 1-4 that the a-index is a measure of the most "immediate" advising impact of an individual, which takes into account their advising success simultaneously with the advising success of their students. 3 Note that the a-index is similar to the h-index well-accepted for citations record evaluation; however, it turns out that it is rather hard to achieve a double-digit value of the a-index over one's academic career due to the fact that graduating a Ph.D. student is generally a less frequent event than publishing a paper. As it can be seen in Table 1 , the highest a-index value in the considered dataset is 12 (achieved by only four mathematicians). Note that a relevant study [6] reported only one mathematician with the value of a-index ( g (1) measure in their terminology) equal to 12. Overall, the a-index may be applicable as a metric of the advising impact for middle-to late-career academic scientists.
Note that the a-index can be extended in a straightforward fashion to reflect a more "long-term" advising impact of an individual by considering third, fourth, etc., generations of an individual's students as it was proposed in the definition of the "genealogical index" in [6] . However, the main issue with this approach is that close to 100% of the mathematicians in the considered dataset would have zero values of such index, which would not allow one to effectively rank advisors' long-term impacts using this metric.
Therefore, in order to provide more practically usable quantifications of "long-term" advising impacts of individuals, especially for those scientists who are in the late stages of their careers and for those who have lived and worked centuries ago, we propose the a 1 , a 2 , and a ∞ indices. The a ∞ -index essentially assigns equal weights to all the academic descendants of an individual, whereas the a 1 and a 2 indices prioritize (with different weights) the immediate (directly connected) students and students-of-students while still giving an individual some credit for more distant descendants. Possible practical interpretations of these indices are as follows. The a ∞ -index is appropriate for ranking the "root nodes" of the mathematics genealogy network, that is, nodes with zero in-degrees, which essentially correspond to "fathers" of mathematics' "genealogical families", such as those described in [4] . It is not practically significant to calculate this index for nodes with non-zero in-degree values, since their predecessors in the network would obviously have higher values of this index. Thus, the a ∞ index is interesting primarily from the perspective of history of mathematics, although it can certainly be calculated very easily for any contemporary mathematician.
On the other hand, the a 1 -index and a 2 -index do not necessarily possess the aforementioned property of the a ∞ -index: the values of these indices may be higher for contemporary mathematicians than for the "fathers" of genealogical families due to the fact that an individual's immediate students and any other early-generation students attain higher index values than do any distant descendants. These indices are based on the wellknown concepts of harmonic and decay centralities, which makes them easy to calculate and interpret, and hence, attractive from a practical perspective. These indices can be applied to an academic advisor from any era, thus providing a universal tool of assessing the academic advising impact. However, it is still likely that the advisors in the late stages of their careers would have higher values of these indices (especially the a 1 -index that gives higher weights to distant descendants) than those in early-to-mid-stages of their careers. This is not surprising, since these indices are designed to assess the long-term advising impact beyond the number of immediate students.
Further, note that there are several natural extensions of these definitions. First, all of these indices can be adjusted by taking into account the effects of co-advising, that is, giving a special treatment to the cases when multiple individuals have advised the same student j (that is, with node j having multiple incoming links). These particular extensions are addressed in greater detail in the next section. Second, the a-index can also be defined for a specific country or university (similarly to the h-index of a journal among citations metrics), that is, considering the respective country or university as a "super-node", with the outgoing links directed to all the Ph.D. graduates ever produced (or produced during a specific time frame) by this country or university, respectively. The resulting collective advising impact values for universities and countries, based on MathGenealogy dataset, will also be presented below.
Advising impact metrics adjusted for co-advising
In this section, we define the extensions of our basic indices (Definitions 1-4) to handle the cases of co-advising, that is, the situations where one Ph.D. student was co-advised by more than one individual. It makes practical sense to introduce these definitions due to the fact that a substantial fraction of the individuals in the considered dataset were advised by more than one advisor. The basic assumption that we make in the definitions below is that the credit for advising such a student is split equally between each of the co-advisors (i.e., if there are n listed co-advisors for a student, then each of the co-advisors receives 1 / n credit for graduating the student). ∞ , a 1 , a 2 
Adjusted a

indices
The definitions of a ∞ , a 1 , a 2 indices can be modified to take into account co-advising as follows.
Definition 5 (adjusted a ∞ -index) The adjusted a ∞ -index of an individual i is the total number of their academic descendants weighted by the reciprocals of their in-degrees, that is, a ∞,adj (i) = j∈N 1 deg in (j) {d(i,j)<+∞} , where {d(i,j)<+∞} is the indicator function corresponding to the condition that node j is reachable from node i through a directed path.
Definition 6 (adjusted a 1 -index) The adjusted a 1 -index of an individual i is defined as
As one can clearly see from these definitions, the values of these adjusted indices are always less than or equal to the respective values of their "regular" counterparts, as common sense would suggest.
Adjusted a-index
The above definition of a-index can also be modified to take into account co-advising, although this extension is not as straightforward as those in the previous subsection. The "adjusted a-index" of node i can be calculated as follows:
1. Calculate the "adjusted" out-degree of node i: deg out adj (i) = j:(i,j)∈A 1 deg in (j) . Clearly, this value can be fractional and is reduced to simply the out-degree of node i if none of the students of the corresponding individual i were co-advised. 2. Compute and sort the adjusted out-degrees (defined as indicated above) of all nodes {j : (i, j) ∈ A} in the non-increasing order. Denote this sorted array as D 1 , D 2 , . . . and let D k be the kth element of this array such that k is the largest integer satisfying ⌈D k ⌉ ≥ k . Calculate min{D k , k}. 3. Calculate the adjusted a-index of node i, a adj (i) , as the minimum over the values obtained in the steps 1 and 2 above.
This computational procedure ensures that the adjusted a-index of any node i is always less than or equal to its "regular" a-index, whereas the possibility of fractional values of the adjusted a-index provides a more diverse set of its possible values. This would potentially allow one to create a more "diversified" ranking of academic advisors based on their own productivity and productivity of their students, while taking into account co-advising.
Results for MathGenealogy dataset
In this section, we present the results obtained on the MathGenealogy network using the metrics proposed above. Figure 2 shows the distribution of the values of the a-index and the adjusted a-index over the entire network. One can observe that while the "regular" a-index is always integer by definition, the adjusted a-index does often take fractional values, especially for lower spectrum values of the index, thus providing a more diverse set of possible values in a ranking. Further, Table 1 provides a ranking of top academic advisors with an a-index of at least 10, many of whom are prominent mathematicians from the nineteenth and twentieth centuries (note that none of the mathematicians who worked before the nineteenth century made it into this ranking). Their respective adjusted a-index values are also given in the same table for comparison. One can observe that this ranking would change if it was done using the adjusted a-index, thus showing that co-advising is indeed a significant factor to consider in this context. Table 2 presents the collective advising impact rankings of universities and countries based on their respective values of a-index. It can be observed that universities and countries with prominent reputation in mathematics-related research fields lead these rankings, which shows that (i) not surprisingly, there is correlation between collective university-scale and country-scale research and advising impacts, and (ii) the a-index appears to be a realistic and appropriate metric for collective advising impact of a university or a country. Note that we do not consider adjusted a-index in this case (although it would be possible), since it is rare in the dataset that an individual's co-advisors come from different universities or countries. Figure 3 shows the distribution of regular and adjusted a 1 and a 2 indices in the network. It appears that both of these distributions are close to power-law, whereas the range of values of the a 1 -index is larger than that of the a 2 -index, which follows from the respective definitions. Tables 3 and 4 present the rankings of the top 25 advisors by regular versus adjusted a 1 and a 2 indices. For each index, mostly the same group of advisors appears in the regular versus adjusted index rankings, although their order slightly changes in both tables. Moreover, one can observe that the a 1 -index-based ranking favors earlier generations of mathematicians (those from sixteenth, seventeenth, and eighteenth centuries), whereas the a 2 -index-based ranking features mathematicians from the nineteenth and the twentieth centuries. This is a direct consequence of the impact of the different weights given by these indices to distant academic descendants of an individual.
The ranking of individuals with in-degree zero in the network (that is, "fathers" of genealogical families) by their a ∞ and adjusted a ∞ -index values is given in Table 5 . The 
Evolution of individual and collective a-indices in MathGenealogy dataset
As a natural further step in the analysis of individual and collective advising impacts using a-indices, we consider the dynamics of year-by-year evolution of the aforementioned indices over the past several decades. Specifically, we consider the time period starting from 1900 till 2017 (which was the last full year for which MathGenealogy data was collected in this study). The main reasons for considering only the data starting from 1900 are that (i) the growth of mathematics as a major research field . 3 The counts of individuals against their respective a 1 (left) and a 2 (right) index values (blue for the respective "regular" index, orange for the "adjusted" index), binned by ten consecutive index values per bin, plotted on a log-log scale occurred during the twentieth century with many new Ph.D. degrees awarded during that time frame, and (ii) the collected data itself is more reliable and complete for this most recent time frame, which makes the results on a-indices evolution corresponding to this time interval more interesting. We should also note that some of the plots presented below reflect the data starting from 1950, which is done for visual clarity purposes. Figure 4 shows the year-by-year evolution of a-index values of top 10 mathematicians (according to their a-index value at present, as indicated in Table 1 ) starting from 1900 and until 2017. An interesting observation is that for most of these individuals, it took around 20-30 years to grow their a-index from 0 to 1 (that is the time period from the year an individual received his/her own Ph.D. degree to the year when his/her first student successfully graduates a student of their own). Further, it took another ∼ 30 years to grow their respective a-index value from 1 to around 10. The overall time period of 50-60 years to grow the a-index from zero to a high value of 10 or more is on the same order of magnitude as the length of a lifetime academic career (i.e., from the receipt of a Ph.D. degree till retirement). This shows that most of these "high-impact" advisors followed a similar temporal pattern of their careers. This observation is also consistent with the intent for this index to reflect an individual's career-long rather than short-term advising impact.
Table 3 Top 25 individuals ranked by the a 1 -index (left) and adjusted a 1 -index (right)
Name
Year
It should also be noted that the "outliers" in this plot are E.E. Kummer and K.T.W. Weierstrass, who received their own Ph.D. degrees substantially earlier than the other individuals in this list, and their a-indices were already equal to 6 in 1900. Interestingly, both of their a-index values have "saturated" at 11 around 1920 and have not changed since then. This is most likely due to the fact that all of their direct descendants (students) finished their own academic careers by that time; therefore, they did not produce any more students after that, which means that the respective a-index cannot increase anymore. Thus, the a-index is a good measure of an individual's lifetime advising impact; however, it does not reflect any further advising impact that an individual might achieve after the end of his/her own and his/her students' academic careers. On the other hand, an individual's a 1 , a 2 , and a ∞ indices clearly can grow indefinitely, even decades or centuries after the end of one's career (as it will be illustrated below). Therefore, a long-term advising impact may need to be evaluated by considering a combination of metrics (such as the indices defined in this paper) rather than by taking into account only one metric.
It is also worth mentioning that a collective a-index of a university or a country does not exhibit the "saturation" behavior that was mentioned above for an individual a-index. Indeed, a university or a country would typically keep producing Ph.D. graduates indefinitely (unless a university/country ceases to exist). Figures 5 and 6 Table 2 ). For visual clarity, these plots are shown starting from 1950 rather than 1900. For universities' collective a-index values, there were several lead changes during 1900-1950 (not pictured), with Princeton being top-ranked for most of the 1950s and 1960s (briefly overtaken by the University of Chicago in mid-1950s), whereas in 1968 Harvard took the top-ranked position, which it has held till now. It should be also noted that Stanford has made a big jump from number 10 to number 4 in the a-index ranking during the past half-century. As for countries' a-indices evolution, the United States passed Germany as number one in the collective a-index ranking in 1956 and has held this top position since then. Note that the collective a-indices of most universities and countries that are depicted in Figs. 5 and 6 have not changed since 1990s. This may be explained by the fact that it becomes harder and harder to increase the a-index when it has already reached high values (similarly to what happens to the h-index in research citations). Another factor may be that not all Ph.D. graduates from the past 10-20 years have been added to the MathGenealogy dataset yet. However, as mentioned above, this "temporary" saturation behavior of collective a-indices is not the same as the one we observed for individual a-indices, since the production of Ph.D. graduates by a city or a country is not limited by the lengths of academic careers of individual advisors.
Further, we consider the evolution of a 1 and a 2 indices (along with their adjusted versions) of the top advisors listed in Tables 3 and 4 . The respective plots are shown in Figs. 7, 8, 9, and 10 . Note that the evolution of a ∞ -index is not depicted here, since the plots corresponding to all top advisors according to this index exhibit a highly similar pattern and thus would look indistinguishable in a figure.
Interestingly, from Figs. 7 and 8 one can observe that both the a 1 and the adjusted a 1 index values for all of the top advisors were very close to each other up to around 1970, which is a very recent date compared to the dates of their respective careers. However, in the past 3-4 decades, these indices have increased substantially and started to spread over a broader range of values, approximately between 6000 and 10,000. The ranking of advisors according to both the a 1 and the adjusted a 1 index has been stable over the past decades, with S.D. Poisson holding the top spot.
As for the evolution of a 2 and adjusted a 2 indices, there has been much more diversity and changes in the ranking of top advisors over the past decades (compared to a 1 -index). As noted above, the a 2 -index gives lower weights to distant descendants of an individual, which results in a lower order of magnitude of this index compared to the a 1 -index. Nevertheless, despite a narrower range of values for this index, there have been several changes in the ranks of top advisors according to this index in the twentieth century (although many of these mathematicians worked in the nineteenth century). Notably, D. Hilbert has assumed the top spot in the a 2 -index-based ranking only in the 1990s despite the fact that he received his own Ph.D. degree more than 100 years prior. Thus, the a 2 -index can be viewed as a meaningful metric of an individual's advising impact that lasts well beyond the end of one's career and still can increase considerably in subsequent decades or even centuries.
As a concluding remark of this section, we should note that all of the aforementioned results should be viewed in the light of the fact that MathGenealogy dataset is not necessarily complete for the considered time interval, and some Ph.D. graduates (as well as some Ph.D. graduation year information, as mentioned above) may not have been added to the database yet. This may lead to discrepancies in the results presented here with those that may be obtained in future studies when more entries are added to the database. Nevertheless, the considered dataset is still rather large and comprehensive, and the presented results reveal interesting temporal patterns of the proposed individual and collective advising indices. 
Concluding remarks
We proposed a family of network-based advising impact metrics (a-indices) that are easy to calculate and interpret, as well as provided a flexible framework for quantifying advising impacts of individuals from different "eras" and stages of their academic careers, as well as collective advising impacts of countries and universities. Although we illustrated our approaches on MathGenealogy dataset only, these approaches are certainly applicable to other scientific domains where comprehensive advisor-student datasets may become available. Due to the fact that we focus on the advising impact beyond the number of immediate students of an individual, this approach is not intended for measuring advising impacts of early-career scientists (simply calculating an out-degree for "young" advisors would still be a viable option). However, one may argue that a true impact of an academic advisor is evident towards later stages of career when one's students achieve their own advising success. Therefore, we believe that these indices can be used in practical settings, for instance, by universities in order to quantify and promote individual and collective advising successes of their faculty members. This study shows the applicability of network-based techniques for these purposes. As one of the possible directions of future research, it could be of interest to look at "groups of influential advisors", for instance, using optimization-based techniques that identify "central" groups of nodes in a network [12] .
It should also be noted that this study is not intended to build direct comparisons or preferences between different metrics of advising impact, including those proposed here or those proposed in other related studies. Instead, we believe that longterm individual or collective advising impact should be considered in the context of an "ensemble" of various quantitative metrics, including the proposed a-indices. Similarly to debates regarding citation indices (e.g., whether the h-index or some other quantitative metrics of citations are the most appropriate to measure citation impact), there is no definitive answer to the question about the "best" metric for advising impact. We hope that this study will stimulate further research in this interesting research direction.
